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Summary Y 
M 
Different criteria have been proposed to in- 
clude the influence o f  pressure (or mean nor- 
mal stress) on the yield behavior o f  polymers. 
It is difficult to distinguish among them using 
the type of  experiments that produce data 
used in two-dimensional plots o f  yield loci. 
This is due to the fact that the maximum 
range of  values of  mean normal stress is rela- 
tively small in such experiments. Marked dif- 
ferences between these criteria do occur how- 
ever as the hydrostatic pressure or mean stress 
is altered substantially. Experiments that 
show the effect o f  applied pressure on tensile 
and/or compressive yield strength provide one 
means for describing such differences. This 
paper considers two forms of  a pressure modi- 
fied yon Mises criterion and shows a compari- 
son with available experimental information. 
N O M E N C L A T U R E  
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I N T R O D U C T I O N  
There is no question that  the yielding of 
polymeric solids depends upon the mean nor- 
mal stress as well as the deviatoric compo- 
nents of the applied state of stress. In con- 
trast and with apparently few excep t ions  the 
magnitude of the mean stress has little if any 
effect  on the yield behavior of  metals. 
Raghava et al. 1 have proposed that a pres- 
sure modified von Mises criterion provides the 
best overall agreement with observed yield be- 
havior of  polymers.  This criterion has been 
used by Stassi D'Alia 2 and, through the work 
and comments  of  Mehldahl 3, it apparently 
originated with Schleicher 4. 
Earlier suggestions concerned with the 
yielding of  polymers were put  for th  by Whit- 
ney 5, who used a pressure modified Tresca 
criterion, by Sternstein 6 and Bauwens 7, who 
used a pressure modified von Mises criterion 
(that  differs f rom the one proposed by 
Raghava), and Bowden and Jukes 8, who ad- 
ded the Mohr-  Coulomb (or Coulomb 
.... Navier) criterion as a possibility. As some 
confusion might arise because of  the various 
names appended to the many criteria, the in- 
terested reader can check the work of  Paul 9 
for  a historical review and explanation. 
It would appear, as discussed by Rag- 
haval o, that  neither the modified Tresca nor 
the Mohr--Coulomb criterion possesses the 
generality desired; thus, no fur ther  reference 
1 1 4  
to those criteria is made in this paper. Rather, 
the major comparison is made between the 
criteria suggested by Sternstein 6 and Rag- 
hava 1. 
Yield studies are most often conducted us- 
ing stress states wherein at least one of three 
principal stresses is considered to be zero. 
What results of  course is the usual yield locus 
plotted in two-dimensional stress space. Uni- 
axial tensile and compression tests, as well as 
internally pressurized thin wall tubes, which 
may be loaded axially or by torsion, provide 
essential data points the plot of  which may be 
compared with predictions based upon a par- 
ticular yield criterion. Such experiments are 
nearly always performed where the ex terna l  
pressure is atmospheric. This limits the range 
of mean normal stress experienced by the test 
material. Now if the yield behavior of the 
material is influenced by the mean normal 
stress, and even though the mean normal 
stress is not constant for the range of tests 
mentioned above, the maximum variation of 
the mean stress taken in terms of absolute 
values is of the order of the tensile yield plus 
compressive yield divided by two. In essence, 
it is quite small and because of  this, a compa- 
rison of yield loci predicted from Stern- 
stein's 6 criterion or Raghava's I shows little 
difference. There is only one way that  these 
two criteria could demonstrate differences at 
ambient pressures; this has to do with the 
ratio of the absolute values of compressive to 
tensile yield strengths. If this ratio approaches 
1.5 or greater, the criteria show decided theo- 
retical differences especially in the third 
quadrant of  yield locus plots 1,10. The ellipse, 
which both describe, exhibits marked differ- 
ences in the " th i rd"  quadrant and it should be 
noted that  this behavior has nothing to do 
with anisotropy. To date, the greatest ob- 
served ratio of yield strengths is of the order 
of 1.3 which means that  variations of theo- 
retical yield loci based upon Raghava's or 
Sternstein's criterion are relatively small; one 
could conclude that  little is gained from using 
one form over the other. However, typical 
yield locus studies are not  conducted under 
varying states of  externally imposed hydro- 
static pressure because of  the tremendous ex- 
perimental difficulties involved; thus the 
range of 0 m is very restricted. Yet, it is these 
tests that  would demonstrate the differences 
in these two forms of the pressure modified 
von Mises criterion. There does exist a fair 
amount  of experimental information on the 
effect of imposed external pressure on the 
tensile yield strength of various polymers; 
much less information exists regarding the 
change in compressive yield strength under 
pressure. However, it is possible to compare 
the yield criterion proposed by Raghava with 
that  of Sternstein by utilizing this pressure 
effect on tensile yield and comparing predic- 
tions with data available in the literature. This 
had been alluded to briefly 1 but further con- 
siderations resulted in the more complete 
thoughts put forth in this paper. Note that  
throughout  the remainder of this paper, we 
consider an applied hydrostatic pressure as 
positive but that  the stresses it induces are 
negative (i.e. compressive). 
A N A L Y T I C A L  D E V E L O P M E N T S  
As proposed elsewhere 1'2 '1°,  the yield 
criterion suggested by Raghava (which ac- 
counts for pressure effects and differences in 
compressive and tensile yield strengths) can 
be written as: 
(0.1 - -  0. 2 )2 ..}. (0. 2 - -  0 3  )2 + (0. 3 - -  0.1 )2 
+ 6 ( C - -  T)o m = 2 C T  (1) 
where o l ,  02, 03 are principal stresses, a m is 
the mean stress (am = (01 + 02 + oa)/3) and C 
and T are the absolute  values of the compress- 
ive and tensile yield stresses as determined 
under a tmospher i c  conditions of  pressure. 
We might ask what occurs if a hydrostatic 
pressure is applied to a polymer which is sub- 
sequently subjected to axial loading (either 
tensile or compressive). The stress state is de- 
scribed by: 
02 = o  3 = - - P , o  1 = S - - P  
where S is the stress needed to induce yielding 
under the applied hydrostatic pressure P. If  
the above values are inserted into eqn. (1), 
either of the following may be derived: 
S 2 + ( C  - -  T )  ( S  - -  3 P )  = C T  ( 2 )  
o r  
S 2 + (C--  T) ( 3 o  m ) = CT (3) 
These equations can be normalized to pro- 
duce 
R = _ ( Y - - l )  1 
c 2 2 [(Y + 1)2 
+ 12 H ( Y - -  1)] 1/2 
Rt ( Y - -  1) + 1 
= 2 2[ (Y + 1) z 
(4a) 
+ 1 2 H ( Y - - 1 ) ]  1/z (46) 
R = -+ [ Y - -  3M ( Y - -  1)] 1/2 (5) 
where 
S C Om _ P 
R =~, Y = ~ , M = - ~  a n d H  T "  
Note that  eqns. (4a) and (4b) come from eqn. 
(2) wherein two unequal roots are found. 
Equation (4a) gives the normalized root  for 
compressive yield stress (R e ) while eqn. (4b) 
is for the tensile yield (Rt) as functions of  
normalized hydrostat ic pressure H. 
In constrast, eqn. (3) gives in eqn. (5) equal 
and opposite  roots (R = Rc = Rt)  in terms of  
magnitude and as functions of  the normalized 
mean stress M. The algebraic manipulations 
leading to these various equations may be 
found in the Appendix. 
Expressions analogous to those in eqns. 
(2)--(5) may also be produced using the yield 
criterion proposed by Sternstein. The basic re- 
lationship can be expressed as 
[(01 --(/2 )2 + ((/2 --(/3 )2 +((/3 --(/1 )211/2 
x / 2  (C -- T) 3 (/m _ 2 ~ C T  
+ (C + T) (C + ~ )  (6) 
Along parallel lines as used above, the follow- 
ing can be derived: 
- + s + ( C - - T ) ( S - - 3 P ) -  2CT 
(C + T) (C + T) (7) 
(3o m ) ( C -  T) 2 CT 
+ S +  ( C + T )  ( C + T ) "  (8) 
Thus eqns. (7) and (8) derive from eqn. (6), as 
eqns. (2) and (3) were derived from eqn. (1). 
In normalized form there results 
3 
R c = - - ~ H ( Y - - 1 ) - - Y  
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(9a) 
2Y 3M ( Y -  1) 
- + R = ( - ~ + I ~ - -  ( Y + ~ )  (10) 
As with the previous relations, eqn. (7) yields 
two unequal and opposite  roots (i.e. eqns. 
(9a) and (96) whereas eqn. (8) yields roots of 
equal magnitude and opposite sign. What 
might be helpful here is to realize that  in the 
final analysis one is concerned with using 
these various equations to determine the com- 
pressive yield stress (S c) or the tensile yield 
stress (S t) as functions of applied hydrostat ic 
pressure (P) or, more fundamentally,  the 
mean normal stress (am). Note too  that when 
Y equals unity,  both  criteria degenerate to 
equivalent statements. 
PREDICTIONS OF COMPRESSIVE YIELD STRESS 
(Sc) AND TENSILE YIELD STRESS (St) AS 
FUNCTIONS OF HYDROSTATIC PRESSURE OR 
MEAN STRESS 
For convenience, the normalized expres- 
sions will be utilized for comparative pur- 
poses. Here we shall compare the results 
predicted by eqns. (4a) and (4b) with eqns. 
(9a) and (96) and, similarly, those predicted by 
eqn. (5) with eqn. (10). To proceed, one need 
only determine the ratio Y by experiment;  for 
our purposes at this juncture,  let us assume 
that Y = 1.3. Figure 1 portrays the compari- 
sons of  eqns. (4a) and (4b) with eqns. (9a) 
and (96). Several points are worth noting: 
1. The behavior expressed by eqns. (4a) 
and (4b) shows a parabolic trend where the 
yield stress "bends back" towards the abscissa 
as pressure increases. In comparison, eqns. 
(9a) and (96) show a linear increase of yield 
stress with pressure. 
2. These plots all originate at a value of H 
equal to zero. Negative values would imply 
pressures less than atmospheric and it is felt 
that such conditions are not  meaningful in 
this discussion. 
3. The change in the absolute values from C 
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4 "  Eq'n. 9 b  
R= --St 
t T " / . ~ - " ~  " Eq'n. 4b  
2 
1 
0 , i , i , i * i , i , i 
:~ 2 4 6 8 I 0  12 - P 
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Sc " ~ " ~ ' ~ ' "  ~ " ' ~ " ~ - . . . . . . . . ~  From Eqh. 4 a  R= T . . . ~ . . .  
- 4  
- 6  ~ F r o m  Eq'n. 9a 
Fig. 1. Theoretical variation of tensile and compres- 
sive yield stress with increasing hydrostatic pressure. 
Note that "normalized" quantities are plotted and 
the curves, from eqns. (4a), (4b), (9a) and (9b), are 
based upon a C/T ratio of 1.3. 
and  T to  S c and  St is the  same  in eqns.  (4a) 
and  (4b)  whereas  wi th  eqns. (9a) and  (9b) ,  Sc 
increases b y  a grea ter  a m o u n t  t han  does  S t f o r  
a given pressure .  
Figure  2 is a p lo t  o f  eqns.  (5) and  (10) us- 
ing Y = 1.3 and  var ia t ions  in M (or  o m). N o t e  
t ha t  pe r f ec t  s y m m e t r y  a b o u t  the  abscissa pre- 
vails for  e i ther  equ a t i on  and  tha t  M or a m 
gets progress ively  m o r e  compress ive  as one  
moves  to  the  lef t  a long  the  abscissa.  Care 
m u s t  be  exerc ized  howeve r  or  a dec ided  mis- 
c o n c e p t i o n  can arise f r o m  this Figure.  I f  one  
appl ies  a cer ta in  h y d r o s t a t i c  pressure  t h e n  
conduc t s  a uniaxia l  tensi le  t es t  unt i l  y ie lding 
occurs ,  the  value of  M assoc ia ted  wi th  this 
case wou ld  be ( S  t - 3P) /3  whereas  a uniaxia l  
compress ive  t es t  wou ld  give a c o m p a r a b l e  M 
value o f  (S c - -  3P)/3.  N o w  since S c is b y  defi- 
n i t ion  negat ive  whereas  S t is pos i t ive  the  value 
of  M assoc ia ted  wi th  the  c o m p r e s s i o n  tes t  is 
m o r e  negat ive  t han  its tensi le  c o u n t e r p a r t .  
Thus  one  wou ld  e x p e c t  the  m a g n i t u d e  o f  R c 
(or  S~ ) to  have  a larger abso lu t e  value t han  R t 
(or  St)  fo r  a par t i cu la r  h y d r o s t a t i c  pressure  
since the  values o f  M (or  o m ) are n o t  equiva-  
lent .  O f  course  the  s ame  resul ts  could  be  
f o u n d  f r o m  Fig. 1. As an e x a m p l e ,  a s sume  T = 
5000 p.s.i, and  a pressure  40 ,000  p.s.i, is ap- 
pl ied to  a spec imen .  F r o m  Fig. 1, H = 8 and  
f r o m  eqns.  (4a) and  (4b) ,  one  f inds R t = 2.8 
and  R c = 3.1 thus  S t = 1 4 0 0 0  p.s.i, and  S c = 
15500  p.s.i. 
F r o m  Fig. 2, using the  same  values o f  T and  
P and  re fe r r ing  to  the  p lo t  o f  eqn.  (5),  if R t = 
2.8 t hen  M is a b o u t  - -7  so t h a t  
6 
Fro 4 R = St 
- . - - - . . ._ .  3 t T 
From 
I 
' - I I  I -19 -17 ' -15 ' -t3 ' -II / I  
M :  C?m - I  
Fro Eq'n. 5 - ~  ~ .  
._.~. _ .~.  ----"-'" ~ . . ~  -3 R.N 
F r o m ~  - 4  c T 
- 5  
- 6  
Fig. 2. Theoretical variations of tensile and compres- 
sive yield stress with mean normal stress. Note that 
"normalized" quantities are plotted and the curves, 
from eqns. (5) and (10), are based upon a C/T ratio 
of 1.3. 
S t - -  3P 
--7 - - -  
3T  
o r - - 2 1 ( 5 0 0 0 )  - -  14000  = - -3P  
or P = 1 1 9 0 0 0 / 3  ~ 40 ,000  as it m u s t  be f r o m  
the a s sumpt ions .  I t  should  be  obv ious  t h a t  M 
m u s t  be grea te r  if  one  is to  get an Sc o f  
.... 15 ,500  p.s.i, for  the  same appl ied  pressure.  
Similar  ca lcu la t ions  could  be p e r f o r m e d  using 
the  p lo t s  o f  eqns.  (9a),  (9b)  and  (10) bu t  the  
po in t  unde r  cons ide ra t ion  wou ld  be the  same  
as was jus t  d e m o n s t r a t e d .  
COMPARISON OF THEORY AND 
EXPERIMENTAL RESULTS 
One  o f  the  u n f o r t u n a t e  consequences ,  re- 
garding m u c h  o f  the  da ta  r e p o r t e d  in the  liter- 
a tu re  where in  pressure  e f fec t s  u p o n  yie lding 
were  s tudied ,  is t ha t  the  value o f  compress ive  
yield u n d e r  a t m o s p h e r i c  cond i t ions  was no t  
measured .  In  add i t ion ,  a n u m b e r  o f  m e t h o d s  
fo r  def in ing  " y i e l d i n g "  have been  used. Chris- 
t iansen e t  al. 11 have compi l ed  a fair ly  ex ten-  
sive list o f  da ta  regarding  pressure  and  yield 
stress fo r  a n u m b e r  of  p o l y m e r s .  A l though  
t h a t  specif ic  p a p e r  1~ was a p p a r e n t l y  never  
publ i shed ,  s o m e  o f  the  con t en t s  were  12; the  
original sources  1 3 - 1 6  f r o m  which  those  
da ta  11 were  c o m p i l e d  are no ted .  T h e  main  
th rus t  o f  the  unpub l i shed  w o r k  ~1, and  to  
some  e x t e n t  the  pub l i shed  w o r k  12, was to  in- 
vest igate  the  app l icab i l i ty  o f  the  e q u a t i o n  
n u m b e r e d  (6) in this p a p e r  and  to  d e t e r m i n e  
if pressure  e f fec ts  cou ld  be  re la ted  to  cer ta in  
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"4 
. 3  
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Fig. 3. E f f e c t  o f  mean  normal  stress on  the tensi le  
y ie ld  stress for various po lymers .  Data po ints  are 
from ref. 11 whi l e  sol id l ines dep ic t  eqn.  (5 )  for the  
range o f  C/T ratios involved.  
symbol polymerr ' y  
o POM 116 n 
o PC I I I  
D PE 1 08 
4 y: l16 
( ~ solid lines from eq  
O 2 4 6 8 IO 12 14 ' 1'6 ' lib ' 210 I 2~2 ' 2'4 
H : _  P 
T 
Fig. 5. E f f e c t  o f  hydrosta t ic  pressure on the tensile 
y ie ld  stress for various po lymers .  Data po ints  are 
f rom ref. 11 whi le  sol id l ines dep ic t  eqn. ( 4b )  for the 
range o f  C/T ratios involved.  
properties of  the various polymers. As only 
values of  T and S t (as a function of  applied 
pressure) were available, values of  Y (or in 
essence, C) were computed 11. In view of  
other studies 5 -  8, ~ o, some of  those computed 
values appear low. This seems especially true 
in regard to polytetrafluoroethylene (PTFE) 
where Y was given as 1.03. With a value of  Y 
equal to unity, both eqns. (1) and (6) degen- 
erate to the usual yon Mises criterion (pres- 
sure independent) and the entire point of  this 
paper is negated. For that reason, the few 
data points for PTFE are not  considered here. 
In addition, no tensile yield stress was given 
for polystyrene since it "failed in a brittle 
manner" under atmospheric pressure. Without 
such a measurement, the remaining data could 
not be used for our purposes. Useful data 
then remained for five polymers, namely, 
symbol polymer ' y  r 
o POM I 16 
0 PC I I I  
[3 P E 1.08 
• PET 1.08 5 
y=LI6 ~ g PP 1.14 
y : 108 4 
O [] 0 ~i 3 
0 R -  St 
[] ,~ t - T  
o o o 2 
. . . . . . . . . .  _~ I ½ 
~ = O m  
T 
Fig. 4. E f f e c t  o f  mean norma l  stress on the tensile 
y ie ld  stress for  various polymers .  D a t a  points  are 
f r o m  ref. 11 wh i le  solid lines depict  eqn. ( 1 0 )  for  the 
range o f  C/T rat ios involved.  
polyoxymethylene  (POM), polyethylene (PE), 
a type of  polycarbonate (PC), polyethylene 
terephthalate (PET), and polypropylene (PP). 
The range of  values for Y (or C/T) for these 
five materials was from 1.08 (PE and PET) to 
1.16 (POM). Figure 3 shows a plot of  eqn. (5) 
using Y values of  1.08 and 1.16; this should 
bound all test points. Also included are the 
actual test data showing the behavior of  ten- 
sile yield stress, St, normalized to give values 
of  R t ,  as  a function of  the normalized mean 
stress, M. Figure 4 displays the plots of  eqn. 
(10) for the Y values of  1.08 and 1.16; again 
the test points are included. Two Figures were 
felt necessary here in order to avoid overlap- 
ping of  the plotted lines; this could cause con- 
fusion and would show less clearly the com- 
parisons that are to be drawn from these Fig- 
ares. 
Rt= _S 
symbol polymer Z 
o PO M I. 16 S~ ~ j  
o PC I t l  y=l16 
PP I 14 A 
o I ' 
' ~ ' ~. ' g ' ~ ' , b  ,b , ,  ,~ ,s  2 0  22  2, 
H= P 
T 
Fig. 6. E f f e c t  o f  h y d r o s ta t i c  pressure on  the tensi le  
y ie ld  stress for various po lymers .  Data  po in t s  are 
f rom ref. 11 whi le  sol id  l ines dep ic t  eqn.  ( 9b )  for the 
range o f  C/T ratios  involved.  
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Figures 5 and 6 present a similar compari- 
son wherein R t is plotted against the normal- 
ized hydrostatic pressure, H. There, eqns. (4b) 
and (9b) are used as they define values of the 
tensile yield stress as a function of pressure. 
DISCUSSION 
It is obvious that  the forms of yield crite- 
ria, described by eqns. (1) and (6), give quite 
different predictions regarding the influence 
of increasing pressure (or mean normal stress) 
on the "yield stress" of  concern. If one views 
trends as well as the fit of individual test 
points, the criterion proposed by Raghava ap- 
pears to predict more reasonable behavior 
than does the criterion put forth by Stern- 
stein. This can be seen in Figs. 3--6 where, 
except for the three points regarding PP at the 
highest pressures, the overall behavior of these 
five different polymers does show a somewhat 
better correlation on Figs. 3 and 5 compared 
with Figs. 4 and 6. 
These Figures should also indicate why the 
usual predictions of yielding from yield loci 
plots would indicate a relative insensitivity be- 
tween the two criteria under discussion. Since 
M would vary between +1, it is truly impos- 
sible to give great preference to one criterion 
over the other. However, since these are both 
presented as pressure dependent  yield criteria, 
a better comparison of their real validity 
should be made under conditions of high hy- 
drostatic pressure. This is exactly the point of 
the present paper. 
In fairness, one could still argue that  there 
is but little to choose from in terms of predic- 
tion and measurement as illustrated by Figs. 
3--6. We can, however, point out the follow- 
ing: 
1. It was mentioned earlier that  the values 
of Y tabulated elsewhere 1 1 and used in this 
study were actually calculated and not de- 
rived from measurement. Compared with 
other published values 1, the values of Y used 
in this paper seem a bit on the low side. Now 
as Y increases, the predictions based upon 
eqns. (6), (9) or (10) are more drastically dis- 
placed from the abscissa than are those based 
upon eqns. (1), (4) or (5). Thus, since we 
question these computed Y values it is our 
conviction that  an even better correlation 
would exist in Figs. 3 and 5 if more accurate 
values of Y had been available. This certainly 
indicates a need for further experimentation. 
2. The tendency for a "bending back" to 
occur when yield stress is plotted as a func- 
tion of  applied pressure has been earlier point- 
ed out by Nadail  7. This trend can be inferred 
from the work of  Sardar et al. 13 and, to some 
extent,  from Ainbinder et al. 1 s. Since this be- 
havior is predicted by the yield criterion ex- 
pressed by eqn. (1) and not  by eqn. (6), it 
causes us to express greater confidence in the 
former over the latter. 
In passing we might also add that  in view of 
the number of methods used to define (and 
measure) yield stress, and in view of the spar- 
sity of information available in regard to the 
effect of pressure on compressive yield 
strength, it is perhaps amazing that  the fit of 
data to prediction is as good as is observed in 
Figs. 3--6. Future investigators should include 
in adequate detail the method used to define 
yield stress. 
CONCLUSIONS 
The macroscopic yield behavior of various 
polymers can be reasonably described by eith- 
er of two forms of a pressure modified von 
Mises criterion under the usual pressure condi- 
tions at which yield studies are generally con- 
ducted. However, as the mean of the stress 
state becomes more compressive (or as the 
pressure condition becomes more pro- 
nounced) the criterion suggested by Raghava 
seems to provide a better correlation with ex- 
perimental results than does the form used by 
Sternstein and others 6,7. 
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APPENDIX 
Star t ing  wi th  eqn.  (1) we  have 
(01 - -o2)2  + (02 - -03 )  2 + (O 8 - O 1 ) 2  
+ 2 (C- -  T)a m = 2CT .  (A.I) 
Now with 0 2 = 0 3 = - - P ,  01  = S - -  P in eqn. 
(A.I) one gets 
(S --  P + p)2 + (_p  + p)2 + (__p _ S + p)2 
+ 2(C --  T)(S --  P - -  P --  P) = 2CT 
or  
S 2 + S 2 + 2(C - -  T ) ( S  - -  3P) = 2 C T  , 
thus,  
S 2 + (C - -  T ) ( S  - -  3P) = CT.  (A.2) 
or  eqn.  (2) 
E q u a t i o n  (A.2)  can be wr i t t en  as 
8 2 + S ( C - -  T)  - -  [ 3 P ( C - -  T)  + C T ]  = O.  (A.3) 
or  
Using R = S / T ,  Y = C /T ,  H = P / T ,  eqn. (A.3) 
b e c o m e s  
R 2 + R ( Y  - -  1) - -  [ 3 H ( Y  - -  1) + Y] = 0 .  
Thus ,  
_ 1 1 R - - - 2 ( Y  - -  1) +- ~ [ (Y - -  1) 2 +°1 
+ 1 2 H ( Y - -  1) + 4Y]  1/2 and 
or  
--01 
R = l ( y _ _ l ) +  ' - ~ [ (Y  + 1) 2 
+ 1 2 H ( Y  - -  1)] 1/2 (A.4)  
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T h e  t w o  roo t s  o f  eqn.  (A.4)  give the  expres-  
sions for  R c and R t as expressed  b y  eqns. (4a) 
and  (4b) .  
N o w  since (S - -  3P) equals  (3o m) ,  eqn.  (A.2)  
m a y  be wr i t t en  as 
S 2 + ( C - -  T ) ( 3 a m )  = C T .  (A.5) 
or  eqn.  (3) 
N o w  eqn. (A.5)  m a y  be wr i t t en  as 
( 8 )  2 3°m 
+ , - T  
which  in no rma l i zed  f o r m  b e c o m e s  
R 2 + 3 M ( Y -  1) = Y (A.6) 
where  
o m 
M -  
T '  
N o w  eqn.  (A.6) gives 
R = t [ y - -  3 M ( Y - -  1)l  1/2 (A.7) 
which  is eqn.  (5). 
The  f o r m  used b y  S te rns te in  or  Bauwens  m a y  
be expressed  as 
~0 + A a m  = V (A.8) 
where  7 o is the  oc t ahedra l  shear  stress and A 
and V are cons t an t s  to  be  d e t e r m i n e d .  
N o w  in t e r m s  o f  pr inc ipa l  stresses, eqn. 
(A.8) b e c o m e s  
_~ [(Ol _ 0 2 ) 2  + (02_03 )2  + ( 0 3 _ o [ ) 2 ]  1/2 
+ A  
(01 + 02 + 03) = V.  (A.9) 
Cons ider ing  the  case o f  unaxia l  stress eqn.  
(A.9) b e c o m e s  
2 1/2 
[201 ] + A o  1 = 3 V ,  
A ° I  3V 
+01 + V ~  - ~ (A.IO) 
N o w  eqn. (A. IO)  p rov ides  two  re la t ionships ,  
A01 3 V  
A ° I  3 V  
+ 
" 
Consider ing  T = +01 and C = --01, one  gets 
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A T  3 V  
T'+ 
A C  3 V  
From these equations, the constants A and V 
are found to be 
A - v ~ ( C - - T )  a n d y - 2 v ~ C T  
(C + T) 3(C+T) 
Now if these values for A and V are substi- 
tuted into eqn. (A.9), there results 
[ (q l  - -  02)2 + (a2 - -  03)2 + (a3 - -  °1 )2 ]  1/2 
x/~ (C--T)3o m 2~/2 CT 
+ - -  - (A.11) 
(c + T) (C + T) 
and eqn. (A.11) is eqn. (6). 
Again with G 2 = 0 3 = --P, o 1 = S - - P ,  eqn. 
(A.11) becomes 
l : l  ~2S'~" i/2 + x/r~ (C--T)(S--3P) _ 2x/~ CT 
(C+T) (C+T) ' 
o r  
o r  
[ $ 2 ]  1/2 + ( C - - T ) ( S - - 3 P )  _ 2 C T  
(C + T) (C + T) (A.12) 
+S + (C--T)(S- -3P)  _ 2CT 
• ( A . 1 3 )  
( C + T )  ( C + T )  or eqn. (7) 
In normalized form, eqn. (A.13) becomes 
+-R + ( Y - - 1 ) ( R - - 3 H )  _ 2 Y  
( Y + I )  (Y+I)  " 
Now, 
+ R  +R,Y--_,i l ~  _ 2 Y  + 3H(Y--1) 
Y:~I Y + I  Y + I  
o r  
+R + R(Y--1) _ 3H(Y--1) + 2Y 
Y + I  (Y+ 1) 
Consider the --R root (which is R c in our 
notation),  then 
- - R ( Y +  1) + R ( Y - - 1 )  = 3H(Y--1)  + 2Y 
o r  
R(--2) = 3 H ( Y - - 1 )  + 2Y ; 
thus 
R e  = _3~ H ( Y - -  1)--Y • (A.14) 
or eqn. (9a) 
Considering the +R root (re. R t )  , then 
R ( Y  + 1) + R ( Y - -  1) = 3 H ( Y - -  1) + 2 Y ,  
o r  
2 R Y  = 3 H ( Y - - 1 )  + 2 Y  ; 
thus 
R t ~H + 1 .  (A.15) 
or eqn. (9b) 
Again, since (S -- 3P) equals (3ore) , eqn. 
(A.13) equals 
(C-- T) 3a m 2 CT 
- ( A . 1 6 )  
+S+ ( C + T )  ( C + T )  " or eqn. (8) 
In normalized form eqn. (A.16) is 
- R  - m 
2 Y  3M ( Y - - l )  
(Y + 1) (Y + 1) (A.17) 
or eqn. (10) 
